Abstract. Lagrange proved a theorem which states that every nonnegative integer can be written as a sum of four squares. This result can be generalized as the polygonal number theorem and the Hilbert-Waring problem. In this paper, we shall generalize Lagrange's sum of four squares theorem further. To each regular polytope V in a Euclidean space, we will associate a sequence of nonnegative integers which we shall call regular polytope numbers, and consider the problem of finding the order g(V ) of the set of regular polytope numbers associated to V .
In 1770, Lagrange proved a theorem which states that every nonnegative integer can be written as a sum of four squares. There are two major generalizations of this beautiful result. One is a horizontal generalization due to Cauchy which is known as the polygonal number theorem, and the other is a higher dimensional generalization which is known as the Hilbert-Waring problem.
A nonempty subset A of nonnegative integers is called a basis of order g if g is the minimum number with the property that every nonnegative integer can be written as a sum of g elements in A. Lagrange's sum of four squares can be restated as: the set {n 2 | n = 0, 1, 2, . . . } of nonnegative squares forms a basis of order 4. The polygonal numbers are sequences of nonnegative integers constructed geometrically from regular polygons. For example, pentagon numbers count the number of points in the following pentagonal array:
The sequence of pentagon numbers is 0,1,5,12,22,35, · · · . The sequence of kgon numbers can be constructed in a similar manner. It is easy to check that the 66 HYUN KWANG KIM formula for the nth k-gon number is p
. Cauchy's polygonal number theorem (cf. [6] ) states that the set of k-gon numbers forms a basis of order k.
We note that polygonal numbers are two dimensional analogues of squares. Obviously, cubes, fourth powers, fifth powers, . . . are higher dimensional analogues of squares. In 1770, Waring stated without proof that every nonnegative integer can be written as a sum of 4 squares, 9 cubes, 19 fourth powers, and so on. In 1909, Hilbert proved that there is a finite number g(d) such that every nonnegative integer is a sum of g(d) dth powers, i.e., the set {n d |n = 0, 1, 2, . . . } of dth powers forms a basis of order g(d). The Hilbert-Waring problem is concerned with the study of g(d) for d ≥ 2.
In this paper we shall further generalize Lagrange's sum of four squares. In fact, to each regular polytope V in a Euclidean space, we will associate a sequence of nonnegative integers which we shall call regular polytope numbers, and consider the problem of finding the order g(V ) of the set of regular polytope numbers associated to V . The polygonal numbers can be considered as regular polytope numbers associated to regular polygons in R 2 while the dth powers can be considered as regular polytope numbers associated to d-dimensional measure polytope. Therefore the theory of regular polytope numbers can be considered as a higher dimensional generalization of Cauchy's polygonal number theorem, or equivalently a horizontal generalization of the Hilbert-Waring problem.
Throughout this paper, we shall use the following notation: Z : the set of nonnegative integers. V (resp. V d ) : a regular polytope (resp. of dimension d) in a Euclidean space. V (n) : the nth polytope number associated to V . ∂V (n) : the number of points in the nth array which lie on the boundary of V . V (n) : the number of points in the nth array which lie in the interior of V .
Construction of regular polytope numbers
Let V d be a d-dimensional regular polytope in a Euclidean space. In this section, we will develop the method of constructing the sequence {V (n)|n ∈ Z } of regular polytope numbers associated to V . This will be done by induction on the dimension d of V . Therefore we start with the construction of 1-dimensional regular polytope numbers.
It is clear that a line segment l is the only regular polytope in R 1 , and it is also clear that the nth regular polytope number associated to a line segment should be n, i.e., l(n) = n. Suppose now that the sequences of regular polytope numbers have been constructed for any regular polytopes of dimension less than d, and let V be a regular polytope in R d . By convention we put V (0) = 0,V (1) = 1 and we define the sequence {V (n)|n ∈ Z } using induction once more on n. So we assume that V (n − 1) has been constructed, say on a regular polytope X (of the same shape as V ). We take a vertex, say x, of X. We extend the edges of X containing x to form a larger regular polytopeX containing X which is similar to X (refer to the figure for pentagonal numbers). We next make the nth array of points associated to V onX as follows. We first place the (n − 1)th array of points on X (note that X is contained inX). Next, to each new k-dimensional face ofX, 0 k d − 1, we put the nth array of points associated to the corresponding k-dimensional regular polytope. By convention, we put the nth 0-dimensional polytope number to be 1 if n 1. We finally count all the points inX to define V (n).
It follows easily from our construction that the formula for the nth k-gon number is n + (k − 2) (n−1)n 2
. We can also easily check that the nth regular polytope number associated to the 3-dimensional cube is n 3 which coincides with our intuition. We borrow a classical theorem from combinatorial geometry which classifies all the regular polytopes in Euclidean spaces (cf. [3] ). Our aim is to construct a sequence of regular polytope numbers associated to each regular polytope listed in the above theorem. To accomplish this task we need information on the number N j of j-dimensional faces of a regular polytope. We tabulate this information as follows (cf. [3] ): 
Theorem (Schläfli
Proof. We only give a proof for dodecahedron numbers. The other cases can be treated similarly. Let D denote a dodecahedron in R Then the number of edges (resp. pentagons) containing x is 3 (resp. 3). It follows from our construction that
19 + 27(n − 2) + 9(
Therefore we have D(n) = n 2 (9n 2 − 9n + 2), n 0.
Theorem 1.2. The 4-dimensional regular polytope numbers are computed as follows:
Schläfli symbol nth polytope number
Proof. We only give the construction for four dimensional measure polytope {4, 3, 3} since the other cases can be treated similarly. Our intuition says that the nth polytope number for this polytope should be n 4 . Let V be a measure polytope in R 4 whose Schläfli symbol is {4, 3, 3}, and x be a vertex of V . Then the number of edges (resp. squares, cubes) containing x is 4 (resp. 6, 4). It follows from our construction that
Therefore we have V (n) = n 4 as we expected from our intuition. 
Here α s (n) denotes the nth s-dimensional regular simplex number, i.e. α s (n) = Proof. Regular simplex numbers: We shall proceed by induction on d. So we assume that α
It follows from a simple calculation that the number of r-dimensional faces, which are also r-dimensional regular simplexes, of
Hence it follows from our construction that
where α 0 (n) = 1 by convention. Note that each face of a regular simplex is again a regular simplex of lower dimension. It follows easily from this fact and our construction that
Therefore we have
(by the induction hypothesis). From this it follows that 
Cross polytope numbers: Let
By a simple manipulation on binomial coefficients, we can verify that
This proves that
Measure polytope numbers: Let
It follows from a simple calculation that the number of r-dimensional faces, which are also r-dimensional measure polytopes, of γ d containing x is ( d r ), 1 r d − 1. We now use induction on d. So we assume that γ r (n) = n r for 0 r d − 1. Note that each face of a measure polytope is again a measure polytope of lower dimension. From this fact, it is easy to observe that
It now follows from our construction that
It follows from our observation that
Thus we have Continuing this process, we finally have
Thus we have γ d (n) = n d , n = 0, 1, . . . .
Relation between regular polytope numbers
In the first section we have developed the concept of regular polytope numbers and computed them. The formulae for regular simplex numbers and measure polytope numbers are simple and they coincide with our intuition. However formulae for cross polytope numbers are complicated and look unnatural. The purpose of this section is to give an analogy between cross polytope numbers and measure polytope numbers. By doing this, we give naturality on cross polytope numbers. 
